The theory of tent spaces on R n was introduced by Coifman, Meyer and Stein, including atomic decomposition, duality theory and so on. Russ generalized the atomic decomposition for tent spaces to the case of spaces of homogeneous type (X, d, µ). The main purpose of this paper is to extend the results of Coifman, Meyer, Stein and Russ to weighted version. More precisely, we obtain a q-atomic decomposition for the weighted tent spaces T p 2,w (X), where 0 < p ≤ 1, 1 < q < ∞, and w ∈ A ∞ . As an application, we give an atomic decomposition for weighted Hardy spaces associated to nonnegative self-adjoint operators on X.
Introduction
Tent spaces on R n were introduced and developed by Coifman, Meyer and Stein in [11, 12] . These spaces are very powerful tools in harmonic analysis, when one considers such problems as atomic decomposition for Hardy space H 1 (R n ), the duality theory between H 1 (R n ) and BMO(R n ), Carleson measures. Spaces of homogeneous type were introduced by Coifman and Weiss in [13] , which are more general settings than R n . The atomic decomposition for tent spaces on spaces of homogeneous type was established by Russ in [33] . The main purpose of this paper is to give a q-atomic decomposition for the weighted tent spaces T p 2,w (X) on spaces of homogeneous type where 0 < p ≤ 1, 1 < q < ∞, and w ∈ A ∞ , which will extend the results of Coifman, Meyer, Stein and Russ to weighted tent spaces.
Let us introduce the setting of our paper. (X, d, µ) is a metric measure space endowed with a distance d and a nonnegative Borel doubling measure µ on X. Recall that a measure is doubling provided that there exists a constant C > 0 such that for all x ∈ X and for all r > 0,
where B(x, r) = {y ∈ X : d(x, y) < r} and V (x, r) = µ(B(x, r)).
Now we recall the definition and atomic decomposition of tent spaces on X.
Denote Γ(x) = {(y, t) ∈ X × (0, +∞) : d(x, y) < t} , for x ∈ X.
Definition 1.1. For p ∈ (0, ∞), the tent space T p 2 (X) is defined by T p 2 (X) = F (x, t) : F is a measurable function on X × (0, +∞), A(F ) ∈ L p (X) , equipped with a norm Russ [33] obtained the following atomic decomposition theorem for T p 2 (X), which generalized the classical result of Coifman, Meyer and Stein [12] on R n . Theorem 1.3. Let 0 < p ≤ 1. For all f ∈ T p 2 (X), there exist a sequence {λ n } n∈N ∈ l p and a sequence of 2-atoms of T p 2 (X), {a n } n∈N , such that f = ∞ n=0 λ n a n , and ∞ n=0 |λ n | p ≤ C p f p T p 2 (X) .
The theory of Muckenhoupt weights introduced in [31] , is an important part of harmonic analysis. The main purpose of this article is to establish a weighted version of Theorem 1.3. We next review some basic facts on Muckenhoupt weights.
A weight w is a non-negative locally integrable function on X that takes values in (0, ∞) almost everywhere. We say that w ∈ A p (X), 1 < p < ∞, if there exists a constant C such that (1.2) [w] Ap := sup
where the supremum is taken over all balls B ⊆ X. We say that w ∈ A 1 if there is a constant C such that for every ball B ⊆ X, 1 µ(B)ˆB w(y) dµ(y) ≤ Cw(x) for a.e. x ∈ B.
A weight w is in the class A ∞ when it belongs to some A p , p > 1.
Let r > 1. We say w ∈ RH r (the reverse Hölder classes), if there is a constant C such that for any ball B ⊆ X,
It is known that f ∈ A ∞ implies that there exists some r > 1 such that f ∈ RH r . For more properties and related topics about A p weights, we refer to [20, 21, 36] .
For w ∈ A ∞ and 0 < p < ∞, the weighted Lebesgue spaces L p w (X) are defined by f :
In this article, we are concerned about the following weighted tent spaces. 1 Definition 1.4. For p ∈ (0, ∞) and w ∈ A ∞ , the tent space T p 2,w (X) is defined by T p 2,w (X) = F (x, t) : F is a measurable function on X × (0, +∞), A(F ) ∈ L p w (X) , equipped with a norm F T p 2,w (X) := A(F ) L p w (X) .
As far as our points are concerned, there are two different types of atoms for weighted tent spaces in the case of X = R n .
The above definition about weighted atom was introduced by Harboure, Salinas and Viviani in [22] . Under w ∈ A 1+ 1 n (R n ), the authors obtained the 2-atom decomposition characterization for T p 2,w (R n ). (Indeed, a more general tent space T η (w) was studied in [22] , where η is a nonnegative increasing and concave function, and
Let us see another type of weighted atoms introduced by Bui, Cao, Ky, D. Yang and S. Yang in [7] . Definition 1.6 (Weighted atoms of type II). Let p ∈ (0, 1] and w ∈ A ∞ (R n ). A measurable function a on R n+1
(ii) for any q ∈ (1, ∞), a T q 2 (R n ) ≤ |B| 1/q w(B) −1/p . 1 There are also some other weighted tent spaces which are different from that of our paper. See, for example, [2, 35] Under the weakest condition on Muckenhoupt weights, w ∈ A ∞ (R n ), Bui et al ( [7] ) showed an ∞-atomic decomposition for T p 2,w (R n ). That is, for all f ∈ T p 2,w (R n ), there exist {λ n } n∈N ∈ l p and a sequence of ∞-atoms (type II) 
λ n a n and
We note that if w ∈ A ∞ , it follows that any ∞-atom (type II) of T p 2,w (R n ), a, belongs to T p 2,w (R n ). In fact, by using Hölder's inequality, one writes
Since w ∈ A ∞ , there exists some r > 1, such that w ∈ RH r . We can choose q large enough such that−p ≤ r, then w ∈ RH−p , which implies a p
Here, we might as well call it "q-atom" (type II) of T p 2,w (R n ). It is not difficult to see that w ∈ A ∞ can not guarantee "q-atom" (type II) of T p 2,w (R n ) belong to T p 2,w (R n ). So we may ask one natural question.
Question: Is it possible to define a suitable q-atom of T p 2,w (X) such that T p 2,w (X) admits a q-atomic decomposition under w ∈ A ∞ (X)?
In this paper, we give an affirmative answer to the above question. Let us state our definition of q-atom of T p 2,w (X) and the theorem of q-atomic decomposition for T p 2,w (X).
where C is a positive constant independent of F .
(ii) Conversely, if {λ j } ∞ j=0 ∈ ℓ p and a j are q-atoms of T p 2,w (X), then F = ∞ j=0 λ j a j ∈ T p 2,w (X), and
To the best of our knowledge, the q-atom of T p 2,w (X) in Definition 1.7 is new even in X = R n . We also note that Definition 1.5 is indeed our q-atom of T 1 2,w (X) for the case of q = 2 and X = R n . So Definition 1.7 and Theorem 1.8 can also be viewed as the extension of the corresponding result of [22] from q = 2, p = 1 and X = R n to q = 2, p < 1 and general space of homogeneous type X, under w ∈ A ∞ (X).
To prove Theorem 1.8, we first show a useful dual result of weighted tent spaces (Lemma
With Lemma 3.1 at our disposal, we then apply the dyadic structure of space of homogeneous type X and properties of A ∞ weight, to establish the q-atomic decomposition for T p 2,w (X), based on the argument in [12, 33] .
It is well known that there are close relations between tent spaces and many Hardy spaces (including classical Hardy spaces and Hardy spaces associated to operators). As an application of Theorem 1.8, we will show an atomic decomposition for weighted Hardy spaces associated to nonnegative self-adjoint operators on spaces of homogeneous type, which generalizes the result [29] from R n to general space of homogeneous type X, via an alternative approach.
Let us review some history about Hardy spaces and weighted Hardy Spaces. The development of the theory of Hardy spaces in R n was initiated by Stein and Weiss [37] . Real variable methods were introduced into this subject in the seminal article of Fefferman and Stein [17] . The atomic decomposition characterization of Hardy spaces was first obtained by Coifman [10] when n = 1, and in higher dimensions by Latter [28] . In [18] , Garcia-Cuerva extended the theory of Hardy space to the weighted case, including atomic decomposition, maximal function characterization and duality (see also [38] ). For more properties about Hardy spaces, we refer to [21, 36] .
However, there are some important situations in which the theory of classical Hardy spaces is not applicable. Recently, many researchers have studied Hardy spaces that are adapted to a linear operator L, in much the same way that the classical Hardy spaces are adapted to the Laplacian. First Auscher, Duong and M c Intosh [4] , and then Duong and Yan [16] , introduced Hardy space adapted to an operator L whose heat kernel enjoys a pointwise Gaussian upper bound (see also [6] ). In [5] and in [24] , the authors treated Hardy spaces adapted, respectively, to the Hodge Laplacian on a Riemannian manifold with doubling measure, or to a second order divergence form elliptic operator on R n with complex coefficients, in which settings pointwise heat kernel bounds may fail. After that, in [23] , Hofmann et al considered a non-negative self-adjoint operator L satisfying Davies-Gaffney bounds on L 2 . They developed a theory of Hardy (and BMO) spaces associated to L, including an atomic decomposition and square function characterization.
More recently, the first-named author of this paper and Yan presented a theory of the weighted Hardy spaces associated to operators [34] . Roughly speaking, for the nonnegative self-adjoint operators L whose heat kernel enjoys a pointwise Gaussian upper bound, and for w ∈ A 1 ∩ RH 2 , they introduced a weighted Hardy spaces H 1 L,w (R n ) associated to L in terms of the area function characterization, and proved their atomic decomposition characterization. Later, Bui and Duong [3] extended the result to H p L,w spaces case (in more general setting) for 0 < p ≤ 1. In [29] , Liu and the first-named author of this paper obtained another atomic decomposition (the definition of atom is different from that of [34] ) for H 1 L,w (R n ), under the weaker condition on weight, w ∈ A p for 1 ≤ p < ∞. At the almost same time, for that kind of atom in [34] , Bui et al in [7] also weakened the weight conditions in [34] , and obtain the atomic decomposition.
The following theorem is the second main result of this paper, which proves the atomic decomposition characterization for H p L,w (X), and thus generalizes the result in [29] from R n to spaces of homogeneous type X.
Please see Section 4 for the precise definition of H p,q,M L,w (X). The layout of the article is as follows. In Section 2, we introduce some basic properties of spaces of homogeneous type, A p weights and weighted tent spaces. In Section 3, we first show a dual result for T q 2,w (X), 1 < q < ∞, under the assumption w ∈ A q (Lemma 3.1). Then based on the argument in [12, 33] , we show the first main result of this paper, Theorem 1.8. In Section 4, we recall the weighted Hardy spaces H p L,w (X) associated to a non-negative self-adjoint operator L, and study the relationship between weighted tent spaces T p 2,w (X) and weighted Hardy spaces H p L,w (X) (Proposition 4.10). The second main result, Theorem 1.10, is then obtained by applying Theorem 1.8 and Proposition 4.10.
Throughout this article, we shall denote w(E) :=´E w(x) dµ(x) for any set E ⊆ X. The letter "C" or "c" will denote (possibly different) constants that are independent of the essential variables. For 1 < q ≤ ∞, we will denote q ′ the adjoint number of q, i.e. 1/q + 1/q ′ = 1. When B is a ball and a is a positive number, we shall use aB to denote the a-fold dilate of B concentric with B. We also denote d(E, F ) the distance of two sets E and F in X. The complement of a set E in X will be denoted by E c or c E.
Notation and preliminaries
2.1. Space of homogeneous type and system of dyadic cubes. Throughout this article, unless we mention the contrary, (X, d, µ) is a metric measure space endowed with a distance d and a nonnegative Borel doubling measure µ on X. We also assume µ(X) = ∞ and µ({x}) = 0 for all x ∈ X. Note that the doubling property (1.1) implies the following strong homogeneity property,
for some C, n > 0 uniformly for all λ ≥ 1 and x ∈ X. The smallest value of the parameter n is a measure of the dimension of the space. There also exist C and D so that
uniformly for all x, y ∈ X and r > 0. Indeed, property (2.2) with D = n is a direct consequence of the triangle inequality for the metric d and the strong homogeneity property (2.1). In many case such as, for instance, the Euclidean space R n or Lie groups of polynomial growth, D can be chosen to be 0.
Next let us introduce some preliminaries on dyadic cubes in (X, d, µ), which will be used in the dyadic version of Whitney covering theorem. We recall the following construction due to T. Hytönen and A. Kairema [25] , which is a slight elaboration of seminal work by M. Christ [9] .
we can construct a countable family
(v) for each (k, β),
D is called a system of dyadic cubes, and the the set Q k β ∈ D k is called a dyadic cube of generation k with center point x k β . Notably, one could construct systems of dyadic cubes in more general settings such as geometrically doubling quasi-metric spaces, see [25] .
We introduce the Whitney decomposition in (X, d, µ). It's well known that one can establish a dyadic (cube) version of the Whitney covering theorem in Euclidean spaces. 
Proof. The proof is standard. For the reader's convenience, we give a sketch here. Recall
where C 0 and δ are parameters in Theorem 2.1. It's clear that Ω = k∈Z Ω k .
By (ii) of Theorem 2.1, for any two distinct dyadic cubes Q ′ and Q ′′ of D, either Q ′ ∩Q ′′ = ∅ or one cube is contained in another one. Therefore,
and it's clear that all cubes in F are mutually disjoint.
It remains to show (iii). Note that for any Q ∈ F , then there exists unique k ∈ Z such that Q ∈ F k . Then one may apply (2.5) and the definition of F k to see
where the last inequality have used the size condition (2.3). Thus we finish the proof of Lemma 2.2.
Muckenhoupt weights.
We sum up some properties of A p (X) classes.
Lemma 2.3. We have the following properties:
Proof. The proof is standard, and we refer to [38] for instance.
2.3.
Denotations and properties of weighted tent space. For a closed subset F of X, let R α (F ) be the union of all cones with vertices in F ,
In the sequel, we write Γ(x), R(F ) and
For any fixed γ ∈ (0, 1), say that x ∈ X has global γ−density with respect to F if
where M denotes the Hardy-Littlewood maximal function on X and χ O is the characteristic function on O. As a consequence,
The following key estimate will be used in the sequel, which was established by Coifman, Meyer and Stein in [12] (for X = R n ) and by Russ in [33] (for spaces of homogeneous type X). Lemma 2.4. Let η ∈ (0, 1). Then there exist γ ∈ (0, 1) and C γ,η,n > 0, where n is the parameter in (2.1), such that, for any closed subset F of X with µ(F c ) < +∞ and any nonnegative measurable function H(y, t) on X × (0, +∞). Then
where F * denotes the set of points in X with global density γ with respect to F .
One important observation for weighted tent spaces will be used in the paper. Lemma 2.5. For any compact subset K of X × (0, +∞), we have
Proof. This can be deduced by the unweighted estimate
3. Duality and atomic decomposition for weighted tent spaces 3.1. Duality of weighted tent spaces T q 2,w (X). We first prove the duality result for weighted tent spaces T q 2,w (X) for 1 < q < ∞, which will play an important role in the proof of Theorem 1.8.
realizes T q ′ 2,w −1/(q−1) (X) as equivalent with the dual of T q 2,w (X).
Proof. The proof is inspired by that of [12, Theorem 2] and [1, Proposion 3.10], while some major modifications are needed due to the presence of the weight w.
For every F ∈ T q 2,w (X) and G ∈ T q ′ 2,w −1/(q−1) (X), where w ∈ A ∞ (in this part, the condition of w can be weaken to w ∈ A ∞ rather than w ∈ A q ), we apply the doubling volume property, Fubini's theorem and Hölder's inequality to compute
. As a result, we have showed that for 1 < q < ∞ and w ∈ A ∞ , every G ∈ T q ′ 2,w −1/(q−1) (X) induces a bounded linear functional on T q 2,w (X), via F →˜X ×(0,+∞) F (x, t)G(x, t) dµ(x) dt t .
Let us prove the converse direction. Assume w ∈ A q .
Suppose that ℓ(·) is a bounded linear functional on T q 2,w (X) and we denote its norm by ℓ . Notice that whenever K is a compact set in X × (0, +∞), and supp F ⊆ K with F ∈ L 2 (K, dµ(x) dt t ), we have supp A(F ) =: K, which is a compact set in X, determined by K, and
Notice that there exist a constant C > 0 and some ball B max ⊆ X such that for every (y, t) ∈ K, B(y, t) ⊆ B max ⊆ B(y, Ct), since K ⊆ X × (0, +∞) is compact and then min (y,t)∈K t > 0. Hence
for 1 < q ≤ 2 and w ∈ A ∞ , and so
, which implies that ℓ(·) induces a bounded linear functional on L 2 (K, dµ(x) dt t ), and is thus representable by a function G = G K ∈ L 2 (K, dµ(x) dt t ) from the Riesz representation theorem (see [39] for example). Furthermore, for any compact
Taking an increasing family of such K which exhaust X × (0, +∞), gives us a function G, which is locally in L 2 (X × (0, +∞), dµ(x) dt t ) and Gχ K = G K , and so that ℓ(F ) =˜X ×(0,+∞) F (x, t)G(x, t) dµ(x) dt t , whenever F ∈ T q 2,w (X) with compact support. (Such F are in L 2 (X × (0, +∞), dµ(x) dt t ) with compact support by Lemma 2.5). By noting that the set of such F is dense in T q 2,w (X), it remains to show that for any compact set K in X × (0, +∞),
Next, we will prove (3.1) in two subcases as follows.
We apply the doubling volume property and Fubini's theorem again to see
where
Note that the last integral above can be written as F ,
. In order to prove (3.1), it suffices to show there exists C > 0, independent of K, such that
By noting that, M t (w −1 )(y)M t w(y) ≤ [w] A 2 for any y ∈ X, t > 0, we then obtain
Denote
where H(y, t) = G K (y, t)M t j∈Z 2 −j χ Ω j ψw −1/q (y). Hence it suffices to show H T q 2,w (X) ≤ C. To this end, notice that
where M denotes the Hardy-Littlewood maximal operator. Notice that [wχ Ω j ] Aq ≤ [w] Aq uniformly for every j ∈ Z. Hence we may apply the boundedness of Hardy-Littlewood maximal operators on L q
as desired. So we finish the proof of Lemma 3.1 for 1 < q < 2.
To show the Lemma 3.1 for 2 < q < ∞, it suffices to prove that the space T q 2,w (X) is reflexive for w ∈ A q and 1 < q ≤ 2. The remaining argument is to make use of the Eberlein-Smulyan theorem and Lemma 2.5, that is very similar to the last part for the proof of Theorem 2 in [12] . We skip the details. Remark 3.2. We should note that in the case of X = R n , the dual of
. It has been proved by Cao, Chang, Fu and Yang in [8] . Their proof can be extend to general spaces of homogeneous type with minor modification. Here, we do not treat this endpoint result since it is uninvolved in the proof of Theorem 1.8.
3.2.
Proof of Theorem 1.8. Let us first prove (ii). Suppose that F = ∞ j=0 λ j a j (x, t), where a j (x, t) are q-atoms of T p 2,w (X) and {λ j } ∞ j=0 ∈ ℓ p . It follows from Definition 1.7 that for every a j , there exists a ball B j ⊆ X such that supp a j ⊆ T (B j ) and
Hence supp A(a j ) ⊆ B j and one may apply Hölder inequality to obtain that for p ∈ (0, 1] and q ∈ (1, ∞),
This, combined with the fact that
as desired.
Next we will prove (i). In the sequel we fix parameters η = 1/2 and γ ∈ (0, 1) such that the estimate (2.8) in Lemma 2.4 holds. For each k ∈ Z, Now let {Q k j } j∈Z be a Whitney decomposition of Ω * k from Lemma 2.2. Let C 1 > 0 which will be determined later, and B k j := B(x k j , C 1 diam (Q k j )), where x k j is the center point of Q k j . Then for every j, k ∈ Z, we define
From this definition, one may combine Lemma 2.2 to see ∆ k j 's are disjoint for different j or k. Furthermore, notice that Ω * k ⊆ Ω * k ′ for any k ′ < k. Then for any given (y, t) ∈ X × (0, +∞), we can set k 0 := max k∈Z: (y,t)∈ Ω * k k,
j 0 ) by taking C 1 large sufficiently, for instance, one may take (3.7)
From this and (3.5), we can write
where λ k j = 2 k w(B k j ) 1/p . Let us check that {a k j } are q-atoms of T p 2,w (X). Note that q 1 -atoms of T p 2,w (X) must be q 2 -atoms of T p 2,w (X) for any q 1 > q 2 . Hence, we only need to check that {a k j } are q-atoms of T p 2,w (X) for q large sufficiently. It is easy to see that supp a k j ⊆ T (B k j ). We will verify the size condition (ii) of Definition 1.7 for q large sufficiently.
For w ∈ A ∞ , there exists some q 0 ≥ 1 such that w ∈ A q 0 and then w ∈ A q for any q ≥ q 0 . It follows from the dual result (Lemma 3.1) that when q ≥ q 0 ,
From the definition of ∆ k j in (3.6) and the relationship (3.4), one may apply Lemma 2.4 to obtain
By the definition of Ω k+1 in (3.3), we have
Then
as desired. That is, every a k j is a q-atom of T p 2,w (X). Furthermore, noticing that for every j, k ∈ Z, |λ k j | p = 2 kp w(B k j ) ≤ C2 kp w(Q k j ) follows from Lemma 2.3 and the construction of B k j , where C depends on w and the parameter C 1 in (3.7). Therefore,
Recall that w ∈ A ∞ implies that w ∈ A q 0 for some q 0 > 1. By using the fact that M is bounded on L q 0 w (X), then we have
. We complete the proof of Theorem 1.8. Remark 3.3. Let 0 < p ≤ 1 and w ∈ A ∞ . In the part (i) of Theorem 1.8, we have shown the for any F ∈ T p 2,w (X), the atomic decomposition F = j,k∈Z λ k j a k j holds in almost everywhere. One may apply Lebesgue's dominated convergence theorem to see F = j,k∈Z λ k j a k j in T p 2,w (X). Moreover, if F ∈ T p 2,w (X) ∩ T 2 2 (X), where the unweighted tent space T 2 2 (X) is introduced in Definition 1.1. We can apply the argument in Proposition 4.10 in [23] to obtain F = j,k∈Z λ k j a k j converges also in T 2 2 (X). Summarily, if F ∈ T p 2,w (X) ∩ T 2 2 (X), 0 < p ≤ 1 and w ∈ A ∞ , then the atomic decomposition F = j,k∈Z λ k j a k j , established in (i) of Theorem 1.8, holds in T p 2,w (X), T 2 2 (X) and almost everywhere.
Applications: weighted Hardy spaces associated to nonnegative self-adjoint operators and atomic characterization
In this section, we will apply Theorem 1.8 to show an atomic decomposition of weighted Hardy spaces H p L,w (X) associated to L, 0 < p ≤ 1.
4.1.
Assumption (H). The following will be assumed throughout this section: assume that operator L is a non-negative self-adjoint operator on L 2 (X, dµ) and that the semigroup e −tL , generated by −L on L 2 (X, dµ), has the kernel p t (x, y) which satisfies the following Gaussian upper bound. That is, there exist constants C, c > 0 such that
for all t > 0 and x, y ∈ X.
We note that such estimates are typical for elliptic or sub-elliptic differential operators of second order (see for instance, [15] ).
4.2.
Finite speed propagation for the wave equation. Let L be an operator satisfying the assumption (H), and E L (λ) denotes its spectral decomposition, then for every bounded Borel function F : [0, ∞) → C, one defines the operator F (L) : L 2 (X) → L 2 (X) by the formula
In particular, the operator cos(t √ L) is then well-defined on L 2 (X). Moreover, it follows from Theorem 3 of [14] that there exists a constant c 0 such that the Schwartz kernel
By the Fourier inversion formula, whenever F is an even bounded Borel function witĥ F ∈ L 1 (R), we can write F ( √ L) in terms of cos(t √ L). Concretely, by recalling (4.1) we have
which, when combined with (4.2), gives
Let Φ denote the Fourier transform of ϕ. Then for each k = 0, 1, · · · , and for every t > 0, the kernel
Proof. We refer the reader to Lemma 3.5 of [23] . See also Lemma 2.1 of [19] .
For every k = 0, 1, · · · , there exist two positive constants C k , c k such that the kernel p t,k (x, y) of the operator (t 2 L) k e −t 2 L satisfies
for all t > 0 and almost every x, y ∈ X.
Proof. For the proof, we refer the reader to [32, Theorem 6.17]. .
Then for any non-zero function ψ ∈ F(s), we have that {´∞ 0 |ψ(t)| 2 dt t } 1/2 < ∞. Denote ψ t (z) := ψ(tz) for t > 0. It follows from the spectral theory in [39] that for any f ∈ L 2 (X),
where κ = ´∞ 0 |ψ(t)| 2 dt/t 1/2 . The estimate will be often used in this article. Now we give the definition of Littlewood-Paley area function associated to L. Given a function f ∈ L 2 (X), consider the square function associated to the heat semigroup generated by the operator L,
Similarly, we define g * ν,Ψ function associated to L. 
where ϕ and Φ are as in Lemma 4.1, Ψ(x) := x 2α Φ 3 (x), x ∈ R, α ≥ n + 1 and n is the parameter in (2.1).
Lemma 4.3. Assume ν > 3. Then for all w ∈ A s , 1 < s < ∞, there exists a constant C = C(s, n, w) > 0 such that for the following estimate holds:
Proof. When X = R n , this lemma has proved in Lemma 5. 
(2) Denote the Laplacian by △ = − n i=1 ∂ 2 x i and e −t△ the heat semigroup on R n , given by
It is known that the classical weighted space H 1 w (R n ) coincides with the space H 1 △,w (R n ) and their norms are equivalent. See [18, 38] .
(3) When w = 1, the theory of Hardy spaces associated to operators was studied in [4, 5, 16, 23, 24, 27] .
We next define a (p, q, M, w)-atom associated to the operator L. (ii) supp L k b ⊆ B, k = 0, 1, · · · , M;
Remark 4.6. When w = 1 and p = 1, a theory of Hardy space H 1 L (X) associated to L was presented in [23] , including an atomic (or molecular) decomposition, square function characterization and duality of Hardy and BMO spaces.
Remark 4.7. It follows directly from Hölder's inequality that a (p, q 1 , M, w)-atom is also a (p, q 2 , M, w)-atom whenever q 1 > q 2 .
Definition 4.8. Let M, w, p and q be the same as above. The weighted atomic Hardy space H p,q,M L,w (X) is defined as follows. We will say that f = λ j a j is an atomic 
i=0 ∈ ℓ p , the a i are (p, q, M, w)-atoms, and the sum converges in L 2 (X). Then f ∈ H p L,w (X) ∩ L 2 (X) and
To prove the part (i) of Theorem 4.9, we will study the relationship between weighted tent spaces T p 2,w (X) and weighted Hardy spaces H p L,w (X).
Let ϕ and Φ be the same as in Lemma 4.1, Ψ(x) := x 2α Φ 3 (x), α ≥ n + 1, M ∈ N and n is the parameter in (2.1). Consider the operator π Ψ,L initially defined on the dense subspace of T p 2,w (X) (0 < p < ∞) of F with compact support in X × (0, +∞) by ∞) .
(i) π Ψ,L is bounded from T q 2,w (X) to L q w (X). (ii) Let 0 < p ≤ 1 and α = M + n + 1. π Ψ,L maps every q−atom of T p 2,w (X), a, to a (p, q, M, w)-atom, up to multiplication by a harmless constant independent of a,
Proof. (i). We will use duality argument. For every
≤ C n,q,w F T q 2,w (X) , where in the last two inequality above we have used Lemma 4.3 and w ∈ A q .
(ii). Let a be any q−atom of T p 2,w (X). Then there exists a ball B ⊆ X such that supp a ⊆ T (B). Recall Ψ(x) = x 2α Φ 3 (x) and α = M + n + 1 fixed. We can rewrite
From Lemma 4.1, the integral kernel
This, together with the fact for any (y, t) ∈ supp a, we have y ∈ B and t ≤ r B , where r B denotes the radius of B, implies that for every i = 0, 1, · · · , M,
To continue, for every i = 0, 1, · · · , M, we apply (i) of Proposition 4.10 to obtain
Remark 3.3 tells that F = j,k∈Z λ k j a k j (x, t) converges in T 2 2 (X). By applying a special (unweighted) case of Proposition 4.10, π Ψ,L is bounded from T 2 2 (X) to L 2 (X). Hence f (x) = j,k∈Z λ k j a k j converges in L 2 (X) by applying Lemma 4.12 in [23] .
Let us state a lemma before we prove the part (ii) of Theorem 4.9. . Lemma 4.11. Fix M ∈ N, w ∈ A ∞ and 0 < p ≤ 1. Assume that T is a non-negative sublinear operator, satisfying the weak-type (2, 2) bound
and that for every (p, q, M, w)-atom a, we have
. Consequently, by density, T extends to a bounded operator from H p,q,M L,w (X) to L p w (X).
Proof. The proof of this lemma is similar to that of Lemma 4.3 in [23] , where w(x) = 1 and p = 1. We give its proof for completeness.
For f ∈ H p,q,M L,w (X), where f = ∞ j=0 λ j a j is an atomic (p, q, M, w)-representation such that
Since the sum above converges in L 2 (X) from Definition 4.8, then lim sup N →∞ f N L 2 (X) = 0, where f N = j>N λ j a j with N ∈ N. Moreover, for a non-negative sublinear operator T , we know for every ε > 0, Consider the term J 2 . Notice that a = L M b, we apply Lemma 4.2 to obtain
since M > N/2.
By the estimates of J 1 and J 2 , we obtain where in the second inequality above we have used (4.17) and in the last inequality above we have used N > (s − p)n/p. It follows from estimates (4.16) and (4.18) that I 2 ≤ C, which completes the proof of (4.15) and the proof of part (ii) of Theorem 4.9.
